An operator identity concerning the Hamiltonian of a l:-.armonic oscillator enables one to calculate the distribution of the energy of nuclear radiation from solids, which includes the effect of multiple phonon processes exactly. The moments of the recoil energy or of the energy of radiation are obtained to any order in terms of the moments of the frequency of lattice vibration. These relations suggest a method of experimental determination of the frequency distribution of lattice vibration. § l. Inh·oduction When a particle or a gamma ray is emitted from a nucleus, the residual nucleus recoils to balance the momentum carried away by the radiation. If, for example, a nucleus is initially at rest, the energy of radiation emitted from it is reduced, in comparison to that when the nucleus is fixed, by an amount of k 0 2 /2M, where k 0 is the magnitude of momentum of the radiation from fixed nucleus and M is the mass of the nucleus.* On the other hand, in order that a radiation is absorbed by a free nucleus initially at rest, the energy of the radiation must be larger by k 0 2 /2M than that necessary for the radiation to be absorbed by :6xed nucleu·s.
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In the case when nuclei are bound in a crystal lattice, the energy of radiation they emit depends on the state of motion in which the emitter finds itself at the instant of emission, and the observed distribution of the energy is the average of individual ones with respect to the thermal motion of nuclei inside the crystal. For example, the position of the peak and the width of the energy distribution of nuclear gamma ray from solid are lower and wider, respectively, than those of the gamma rays from fixed nuclei of the same kind. nuclear and solid state physics. In particular, a method has been developed by Mossbauer 2 > and others:
1 > to determine the mean lives of long-lived isomers, and the internal electromagnetic fields of solids can be measured from fine structures of recoilless gamma rays. 4 
>
Also a possibility has been proposed to examine the validity of the general theory of relativity.
A theory of resonant absorption or emission of neutrons by nuclei bound in a crystal lattice was given by Lamb, Visscher used the Debye model for the lattice vibration, and gave the results of numerical calculation for the energy distribution of the 129 kev gamma rays from lr 131 in a crystal of natural iridium; while Lipkin made a general consideration which is independent of the specific model of lattice vibration, and obtained the average recoil energy of the lattice and the probability for the recoilless emission of gamma rays.
Although the experiments so far performed deal with the recoilless gamma rays, it might be of interest to investigate those with recoil, because in this case the distribution of the gamma-ray energy is closely related to the thermal motion of the emitting nucleus.
In the present paper an attempt is made to find explicit relations between the distribution of the radiation energy and the density of the frequency of lattice vibration. In § 2 a generating function is obtained, which yields the moments of recoil energy to any order in terms of the moments of frequency of lattice vibration. The inclusion of the multiple phonon processes is made automatically by virtue of an operator identity, the proof of which is given in the Appendix.
In § 3 the distribution of the energy of radiation, which is exact in the above sense, is obtained and is shown to be identical with the approximate one obtained by Lamb.
6
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The moments of the energy of radiation with respect to its distribution are then obtained. § 4 is devoted to the evaluation of the nuclear level width for nuclei bound in a crystal lattice, and the conditions are obtained under which the width can be approximated by the level width when the nucleus is fixed. Some concluding remarks are given in § 5.
Throughout our calculation a crystal lattice is regarded as an assembly of harmonic oscillators, and the effects caused by the anharmonicity of lattice vibration are not considered. By nuclear radiation we mean gamma rays or particles like neutrons, as they are treated in equal terms, unless otherwise stated. § 2. ·Mo:ments ·of recoil energy
The matrix element for the transition in which a nucleus bound in a crystal lattice emits a particle or a gamma ray is (1) where the first factor Xs * (k) is the nuclear matrix element for the emission of the radiation with momentum If and spin projection s, and the second is the matrix element for the lattice which changes its state from I {na}) to I {ma}) due to the recoil by the radiation. Q is the displacement of the nucleus from its equilibrium position Q 0 , and can be decomposed into normal coordinates as 9 J (2) where p's and q's satisfy the usual commutation relations,* In Eq. (2) N is the number of atoms in the crystal, M the mass of the nucleus under consideration, and E a, ICa, and wa are, respectively, the polarization, mo~ mentum, and frequency of the a-th normal vibration (phonon).
The wave function I {na}) of the lattice vibration is an eigenfunction of the lattice Hamiltonian HL with the eigenvalue E ( {na}), where The normalized probability of the transition of the lattice lS giVen by8) (6) Actually, the nuclear matrix element also depends upon the lattice states through k because of the conservation of energy. However, we shall tentatively disregard this dependence in this section, and concern ourselves only with the lattice matrix element, since in the following section the distribution and moments of the energy of emitted radiation will be discussed.
From Eqs. (2), (5) and (6), with the origin of the coordinate system taken at the equilibrium position of the nucleus, P( {ma}, {na}) can be rewritten as Nuclear Radiation fronl Solids P( {ma}, {na}) = Jl Pmana,
where Pmana is the normalized transition probability for the a-th normal mode, and is given by (8) with
The average value of the recoil energy of the lattice is
{maHna} where W( {na}) is the Boltzmann factor for the initial state at temperature T, namely,
a:
with· (12) We generalize Eq. (10) to define the n-th order moment of recoil energy as the average value of its n-th power,
{ma} {na}
Instead of calculating Eq. (13) directly, we introduce a generating function for the moments as
so that the n-th order moment Jn(T) is given by (14)
From Eqs. ( 4), (7) and (11), Eq. (14) can be expressed as
a where
The generating function .!a(}, T) for a single harmonic oscillator can be obtained in the following way. By the use of Eqs. (5), (8) and (12), Eq. (17) becomes
where tr means the sum of diagonal elements of the matrix. Since exp (ixaqa) X exp ().1-Ia) exp ( -ixaqa) can be regarded as a unitary transform of exp (AHa), the expression (18) can be written as
where I-I(~, '1) 1s, as defined in the Appendix (A·1),
For the reduction of Eq. (19) we make use of the identity (A· 2) through (A· 8), which is proved in the Appendix, and note that the eigenvalue sequence of
is the same as that of 1-I(O, 0). We thus obtain
From Eqs. (9), (16), and (20), it is seen that
In performing the summation with respect to a over the 3N different modes of lattice vibration, we define the density of frequency of the lattice vibration, 
where the summation is now taken over the three different directions of polarization.
Having obtained the generating function J(i., T), we can now calculate by Eq. (15) the moments of the recoil energy to any order. For example, the first three moments are (23) and
The first of Eq. (23) shows that the probability is properly normalized, while the second one, which was obtained also by Lipkin, 8 J expresses that the average value of the recoil energy is the same as that of the free nucleus initially at rest. Although these two moments are independent of the temperature and the frequency distribution of lattice vibration, the second and the higher order rnoments, which determine the shape of the distribution of the recoil energy,· depend upon the temperature, the frequency density, and the direction of the radiation.
In order to see the relations between the moments of the recoil energy and the density of the frequency of lattice vibration, we define F'rn (T) with even rn is of special interest, since it does not depend on temperature, and is proportional to the 7n-th order moment of the lattice frequency with respect to its density. It has been shown by Montroll 10 J that such moments of even power of the frequency of lattice vibration can be obtained theoretically from the dynamics of lattice vibration, without an explicit knowledge of the density of frequency.
For practical purposes it is more convenient to obtain the moments of the recoil energy around its average value. If we define an by
then the first several moments are, from Eq. (26),
+F5(T).
Under the assumption of the Debye model of lattice vibration, namely,
where 8 is the Debye temperature of the crystal, the above moments are, for 
The first terms of the moments of even order correspond to those due to the Gaussian distribution, whereas the remaining terms to the deviation from the Gaussian. We see that the latter is large unless k 0 2 /2M is much larger than 8,
In the case of T }> 0 the results of Montroll's methods can be used instead of the Debye model, and the result is, for a simple cubic lattice, where a and {9 are, respectively, force constants of the interaction between the nearest and the second nearest neighbors. § 3. Distribution of energy of radiation
The distribution of energy E of the emitted particle or gamma ray is given by the Breit-Wigner or vVeisskopf-Wigner formula summed and averaged over the final and initial states of the lattice :
where Eo is the energy of radiation when the nucleus is fixed, n is a unit vector in the direction of lc, and r ( {na}) is the width of the initial state which is given 
The above result is exact except that r ( {na}) has been approximated by r in order to carry out the summation in Eq. (27). Especially, the effect of the multiple phonon processes is included without any approximation. Eq. (31) is seen to be identical with the result obtained by Lamb, 6 > where the multiple phonon processes are taken into account only approximately. Singwi and Sjolander 11 > also obtained an expression similar to Eq. (31), by using the method of a space-time self-correlation function developed by Van Hove/ 2 > which is often used in the theory of neutron diffraction. In fact our formula coincides with their result in the case of a cubic Bravais lattice, to which their consideration was restricted.
Although they had to use a round-about method of introducing the physically complicated notion of a space-time self-correlation function, in our formulation Eq. (31) Unfortunately Eq. (31) is so complicated that the integrals involved can be performed only numerically under the assumption of a simple model for the lattice vibration, or semi-quantitative features of the distribution can be obtained for a few extreme cases of the temperature. In this situation it seems worthwhile to investigate not the shape of the distribution itself but its moments.
For this purpose let us now expand J(it, T) in Eq. (30) with respect to t, noting the relation (15),
J(it, T) =f= (it)'_ Jz(T).
l=O l! Then the integration over t can be performed easily and the result IS wJE; n) = Ws(E; n) + W~*(E; n), where
Ws(E; n) =
The n-th order moment of the energy of radiation is defined by 00 00
(32) (33)
where '""' means the directional average over a small solid angle around the vector n, and f(E) is the density of states of the radiation, namely f(E) =canst X E 112 111 the case of particle emission, or f(E) =canst X E 2 for gamma-ray emisson. The integrands in Eq. (34) are originally defined for the real positive value of E. We shall, however, extend their definition over the whole complex E-plane by analytic continuation. The integrands have then singularities at Eo± i/2 · f and possibly at infinity. In the case of particle emission E=O is a branch point of .f(E), whereas there is no such branch point in the case of gamma-ray emiSSIOn. :from the integral along the large circle becomes negligible as its radius is increased, and the remaining integral can be taken along the real axis. After this procedure f can be neglected if it is sufficiently smaller than E 0 • In the case of particle emission we thus obtain
In this case· the n-th order moment of the energy of the particle as defined by Eq. (34) is given by (37)
In the case of gamma-ray emission we obtain, instead of Eq. (36),
j .
I
and we have to assume further that the contribution of the integral from the negative value of E is small enough to be neglected, in order that Eq. (37) is valid also in this case.
We have shown that, under certain assumptions as to the behavior of the nuclear matrix element as a function of energy, the moments of the energy of radiation is given by Eq. (37). Since these moments are measurable, and Jn(T) is related to the moments of the frequency of lattice vibration, it turns out that the latter can be obtained experimentally, once the distribution of the energy of nuclear radiation from the crystal is measured. In order that the approximation considered above is valid, it can be shown that the following condition has to be fulfilled,
which is the so-called weak binding case often considered in the theory of neutron diffraction.
It has become clear from the foregoing arguments that the moments of the energy of nuclear radiation from solid are related in a rather simple way to the moments of the frequency of lattice vibration. The calculations have been based on the Breit-Wigner of Weisskopf-Wigner formula, and the transition matrix has been assumed to be separable into two parts, one is the nuclear and the other the lattice transition 1natrix.
The nuclear matrix element has been assumed to vary slowly with energy in the neighborhood of the resonance energy, but to decrease very fast as the energy turns away from the resonance value. Also the nuclear level width has to be small compared with the resonance energy.
Since the moments of the frequency of lattice vibration are important parameters in the theory of crystal dynamics, it is hoped that future experiments would enable one to find the values of those moments from the observed distribution of the radiation energy.
In the present calculation the effect of multiple phonon processes has been taken into account correctly, and our method seems to be applicable to the problem of neutron diffraction/ operators A and B the following identity holds, To determine a, f, and r; we start from the identities,
and
=p sin a+q cos a, which can be verified by differentiation of both sides with respect to a. By applying a unitary transformation, p--'?p+~, and q-7q+7J, to Eqs. (A·11) and (A ·12), we obtain
=jY sin a+q cos a+~ sin a-7](1-cos a).
By successive application of these transformations, we obtain and =p cos(at +a2) -q sin(a 1 +a2) +~1 {cos(al +a2) -cos a2}
=p sin(at +a 2 ) +q cos (at +a2) +.;:1 {sin(al +a2) -sin a2}
In order that Eq. (A· 2) holds these two expressions (A ·15) and (A ·16) must be identical with (A ·13) and (A ·14), respectively. Thus we find Eqs. (A· 3) through (A· 7).
By applying a unitary transformation p~jJ +a and q--'?q + b to both sides of Eq. (A· 2), we see that Sis invariant with respect to any parallel translation in the ~-'l) plane, namely fi~fi +a, 'l)i--'?'l)i +b. Likewise, by a unitary transformation p-)p cos (j)-q sin 9 and q->p sin (/J+q cos(/), we find that S is invariant with respect to any proper rotation in the ~-'l) plane, namely fi--'?~i cos 9 + 'l)i sin 9 and 'l)i-)-fi sin 9+'l)i cos 9· Eecalling that S is quadratic in ~'sand I)'s, we see that S must be of the form where the function f( a\, a 2 ) is yet to be determined. +~~-{exp ( -iaH(f, 'l))) q exp (iaH(f, 'l))) -q}. 
